Abstract. In this work we demonstrate how Finsler geometry-and specifically the related geodesic tractography-5 can be levied to analyze structural connections between different brain regions. We present new 6 theoretical developments which support the definition of a novel Finsler metric and associated con-7 nectivity measures, based on closely related works on the Riemannian framework for diffusion MRI. 8
downside is the limited availability of tools that can perform these types of analyses. For this 25 reason, along with the highly technical content of even introductory works on Finsler geometry,
26
Finsler-based methods remain inaccessible to the majority of diffusion MRI researchers. 27 The goal of this paper is to provide an informal introduction to the core concepts involved connectivity for a number of well-known major fiber bundles in a high resolution public data 37 set. We also discuss how the connectivity algorithm can be used in group studies and, as a 38 proof of concept, use our method to study group differences in autism spectrum disorder data 39 using network-based analysis techniques. The results of these experiments are presented in 40 section 4. Finally we discuss some strengths and shortcomings of the approach in section 5. The distance between two points on a Finsler manifold is defined similar to the standard 
54
The Finsler function F is (positively) homogeneous of degree one in its second argument,
55
which means that for any point x and any direction y the following relation holds:
56
(2.3) F (x, λy) = |λ|F (x, y).
57
We can thus write
F (γ(t),γ(t)) dt

59
This manuscript is for review purposes only. (2.5) F γ(t), dγ dt (t) dt = F (γ(t), dγ(t)) ,
61
which clarifies the interpretation of F as a function acting locally on a line element dγ. At the 62 same time we note that the homogeneity of F , (2.3), guarantees that the length F (γ(t), dγ(t)) 63 associated to dγ is determined solely by its orientation-not by its 'magnitude'-and that
64
L F (γ) is independent of the (proper) parametrization of γ. As a technical aside we observe 65 that homogeneity also implies that F is strictly speaking defined only when γ(t) = 0 for 66 all t, and for this reason we have to assume a parametrization of γ that avoids this issue. To 67 simplify the following discussion we assume without loss of generality that γ(t) = 1, i. that a large diffusivity at a point x along a vector y, corresponds to a small value F (x, y).
82
This leads to the useful alternative viewpoint of the Finsler function as a kind of cost function.
83
If we consider a displacement in direction y as a parameter that can be controlled, then F 84 can be interpreted as associating a high cost to movement in a direction with low diffusivity,
85
and a low cost to movement in directions of high diffusivity. This manuscript is for review purposes only. The principle of optimality states that segments of the minimal geodesic between two points are themselves geodesic. The black curve represents the optimal curve γ (minimal geodesic) connecting the point x to the seed region Ω, i.e., the curve γ that minimizes the Finslerian length functional LF . The distance L * F (x) from x to Ω is defined as the length of the optimal curve γ that connects the two. If L * F (γ(T )) is known for γ(T ) near x, the principle of optimality allows us to compute L * F (x) by solving the Hamilton-Jacobi-Bellman equation (2.8). As L * F (x) = 0 for all x ∈ Ω, repeated application of (2.8) allows us to compute L *
from a point x ∈ R 3 to a seed region Ω ⊂ R 3 relative to F , then
where ∇ y denotes the directional derivative along y and where we use the shorthand notation 105 x = γ(0) and y =γ(0) ∈ S 2 , we find the Hamilton-Jacobi-Belmann equation in the limit
108
Together with the initial condition
repeated application of (2.8) allows us to compute the complete L * F map for all x ∈ R 3 . See
111
Appendix A for implementation details.
112
This method is relatively fast, but as explained before it is limited in that it only finds 113 the shortest geodesic out of the possibly many geodesics connecting two given points [41] .
114
In the following we will make the usual assumption that all relevant information is captured As an alternative we postulate a new choice for F :
where MD is a generalization of the mean diffusivity used in diffusion tensor imaging (DTI) [7] 157 defined as the average apparent diffusion coefficient [47] , and Ψ sa is the solid angle dODF [1] .
158
In Appendix B we show that for purely Gaussian diffusion, measures is discussed in subsection 3.4 and in Appendix C.
171
The basic path measure used in the Finsler connectivity module is defined as
which is the Finslerian generalization of the most commonly used measure in Riemannian 174 geodesic connectivity analysis [3, 28] . This measure can be interpreted as the average cost 175 incurred along the geodesic, which is expected to be low for curves between two well-connected 176 regions.
177
The second available path measure is defined as the largest local cost along a geodesic,
178
given by
.
180
The C max path measure was originally proposed in the Riemannian setting by Pechaud et 181 al. [35] . Although this measure might be expected to be very sensitive to noise, it should 182 be noted that it is based on the same (intrinsically smooth) geodesics as the C avg measure,
183
and is thus as stable as C avg . The C max measure highlights geodesics that have continuously 184 strong diffusivity along their paths, in contrast to the C avg measure for which a locally weak 185 diffusivity might be offset by very strong diffusivities further along the geodesic. Again, a low 186 value of the path measure implies a high connectivity.
187
Details on the implementation of these measures can be found in Appendix A. well, but since this experiment is meant only as an illustration, we focus on a single measure
231
(the 'local network efficiency') that has been previously implicated in ASD [38, 29] . Details 232 on the connectivity analysis pipeline can be found in Appendix C.
233
This manuscript is for review purposes only. This effect is much less in the C max map shown in Figure 4 . Overall, the C max map is much 274 more specific to the known anatomy of the cingulum bundle, which allows us to perform a 275 Fnew F old Figure 2 . Axial (top row) and sagittal (bottom row) slices of distance maps L * F (2.6), for F = Fnew (left column, (3.2)) and F = F old (right column, (3.1)) seeded at a single voxel in the cingulum (annotated point) of the HCP data set. Greater brightness encodes a greater distance. Other than minor differences in contrast, there are no conspicuous differences between the two choices for F deducible from these maps. .2), and the right column shows results for the F = F old metric (3.1). Bright red voxels are strongly connected to the seed region (white) according to the used path measures, while dark voxels are weakly connected. The displayed maps provide more anatomical detail than the distance maps in Figure 2 , but appear to wrongly ascribe a high connectivity from the cingulum to the corpus callosum and to the posterior part of the brain. The choice F = Fnew suffers from artificially high values at the edges, due to errors in the mask.
errors remain localized. The traditionally used F old metric appears to be better equipped to avoid leakage into the Figure 6 . The rendered segmentation envelops the arcuate fasciculus, is entirely contained within the right hemisphere, and contains further offshoots of structures connected to the seeded bundle. Attempts to reconstruct a similar segmentation using the Cmaxbased map with F = F old expectedly included large regions contralateral to the seeded bundle, without capturing the full structure of the arcuate. Table 1 p-values for the MANOVA comparison between the local efficiency vectors of the control and ASD groups. Column heading Fnew indicates connectivity computed using F = Fnew metric, whereas F old denotes the metric proposed by Melonakos et al. [32] . Connectivity matrices were computed using a spherical harmonic representation of the diffusion ODF with three different orders: 2, 4 and 6. All connectivity measures were computed with the Cmax path measure. Since a total of six tests were performed, the Bonferroni-corrected threshold for significance was 0.05/6 ≈ 0.0083. p-values below this threshold (shown in bold) indicate rejection of the null hypothesis that there is no difference between the two groups. Table 1 .
Order
332
All experiments used the C max -based connectivity measure. includes changes that reflect recent advances in Riemannian geodesic tractography [19, 35] .
338
This manuscript is for review purposes only. Primarily, the C max measure associates a relatively low connectivity to geodesics taking 370 shortcuts, a notorious problem of geodesic tractography [41, 23] . In the same vein, provided a 371 sufficiently fine spatial resolution, low connectivity is associated with geodesics that jump from hemisphere. This in fact highlights another theoretical advantage; the C max measure has 379 the very natural property of being monotonic, i.e., it cannot increase in connectivity with 380 distance along a path. Combined, these properties result in C max -based connectivity maps 381 that are generally much closer to anatomy than maps produced using the C avg measure.
382
However, the C avg measure can lead to greater contrast than C max at a local level, as can [42] , could also be used to further improve geodesic-based connectivity 397 analysis.
398
Finally, we have studied group differences in a graph-theoretical analysis of brain networks 399 in autism spectrum disorder (ASD), where we found significant differences in the local network 400 efficiency between the ASD group and the normal developing controls. These results depend 401 on the spherical harmonics used to represent the Finsler function, Table 1 , which needs to be 402 chosen in a manner that balances angular resolution and sensitivity to noise. Differences in 403 local network efficiency have been widely reported in previous works, and our results corrob-404 orate previous findings of abnormalities [38, 29] . Note that this analysis was not intended to 405 be exhaustive, but rather to illustrate the application of our new connectivity framework in 406 a standard brain network analysis setting. In future work, we will conduct a more thorough 407 analysis of brain networks based on Finsler connectivity.
408
The main problem addressed only superficially in this work is validation of the connectivity This manuscript is for review purposes only. 
adjugateg can be recognized in the exact expression for the normalized ODF [26]
where MD is the mean diffusivity and y ∈ S 2 is a direction unit vector. We note that the 448 denominator in this equation is the norm of direction vector y in the Riemannian space 449 equipped with the metricg:
and combining (B.2) and (B.3) we find
453
Replacing Ψ d with the sharper Ψ sa then produces the F new metric proposed in (3.2).
454
Appendix C. Connectivity analysis pipeline.
455
In recent years, the view that the functional and structural systems of the brain can be signifies a general notion of connectivity as follows.
482
For each subject in our study, we constructed an 86×86 connectivity matrix C, whose ij-th we construct the connectivity matrix C:
Note that C is a symmetric matrix by construction, so each pair of regions has a uniquely indicating a low connection strength.
494
As an example, Figure 10 shows a coronal slice through a path measure map computed on 495 one of the TDC subjects. This map was seeded in the left caudal middle frontal gyrus region,
496
as defined by a FreeSurfer segmentation using the Desikan-Killiany atlas as described above.
497
The seed voxels that intersect this particular coronal slice are shown in white with a black Furthermore, the F new -based metric correctly identifies CSF areas, such as the ventricles, and 517 assigns these a high path measure (low connectivity). In contrast, the F old -based metric does 518 not detect CSF and as a result propagates connectivity through CSF regions, which is clearly 519 anatomically incorrect. The differences between the two metrics is addressed in more detail 520 in subsection 4.1.
521
Computation of local efficiency and statistical analysis. Once the connectivity matrix 522 C is computed for each subject, we compute its local efficiency measures using the Brain 
529
In the present experiment, we are interested in performing a statistical test for a group 530 difference between the TDC and ASD groups of subjects based on their local efficiency vectors.
531
To reduce the number of multiple comparisons, we do not test each region individually but 532 perform a one-way multivariate analysis of variance (MANOVA) to compare the mean vectors 533 for the two groups. This is a statistical test for the null hypothesis that the mean local 534 efficiency vectors of the TDC and ASD groups are the same. If we can reject this null 535 hypothesis, we conclude that the two groups differ in terms of their local efficiency measure, 536 although the test does not identify specific regions that may be responsible for this difference. 
